Comparisons between empirical and theoretical allometric models for estimating tree biomass and the statistical caveats attached to empirical stem volume equations are presented in this paper. First, the elastic and stress similarity models, derived from fi rst biomechanical principles, as well as predictions obtained from geometric similitude, were validated against allometric equations that relate dry above-ground tree biomass M to stem diameter D . In addition, a recent geometric model which predicts that M ϰ D 8/3 was also validated against a pooled dataset which consisted of 764 M -D pairs compiled from empirical studies conducted throughout the globe and for several tree species. Moreover, 59 empirical equations which relate M to D were selected from a European database to validate the aforementioned theoretical models. The analysis indicated that the biomechanical and the geometric models failed to describe the shape in M -D allometry for the empirical datasets. Finally, the multicollinearity problem, which is directly related to the reliability of the predictions, was analysed for stem volume equations ( V ). In total, 23 empirical models based on the six-parameter formula V = a + bD + cD 2 + dD 3 + eH + fD 2 H were used in order to pinpoint the dependency between the parameters. It is illustrated that parameters a , b and c are highly related to each other, and parameter e is also related to parameter f . It is concluded that the interrelationship between D and stem height ( H ) could be one of the reasons for this dependency and scepticism should be placed in the reliability of V estimates derived from these models.
Introduction
Allometric equations provide an attractive means of estimating carbon stocks in forest biomass since they are based on existing information and easily measured variables, such as tree diameter ( D ), tree height ( H ) or bole volume ( V ). The development of equations is based on the destructive sampling of several individuals covering the whole range of tree size and then applied to inventory data to provide ground-based estimates of biomass density at plot scale. Adequate sampling of easily measured variables enables the extrapolation of plot data to regional biomass estimates. Any technique of spatial estimation of biomass at project, regional or continental scales, for example using remote sensing data or tree growth process-based models, requires validation and calibration from such ground-based biomass estimates ( Drake et al. , 2002 ) . Foresters have also developed allometric relationships to estimate stem volume at stand level from measurements made on D and H . The wide-ranging adoption of this approach has produced many empirical allometric equations to predict biomass component or stem volume. Empirical models between stem diameter and tree height have also been used to investigate biomechanical constraints and scaling relationships of trees. According to Niklas (1994) , allometry, in its general use, has three meanings: (1) the growth of a part of an organism in relation to the growth of the whole organism or some part of it, (2) the study of the consequences of size on form and process and (3) to connote departure from geometric similitude, which results when geometry and shape are conserved among a series of objects differing in size. Brown et al. (2000) defi ne three different levels of allometric studies in biology: within individual organisms, among different individual organisms of varying size and within assemblages of multiple individuals or species of organisms. In recent years, with the wellestablished advances in statistical techniques and computing technology, there has been more attention to the collection of data useful in building empirical allometric relationships and on the development of process-based models. The general theories to explain scaling patterns in tree species, in terms of lawlike mechanistic processes, become very stimulating since there are mechanistic models which predict the parametric values of allometric relationships. Such theories provide a powerful basis to interpret the direction and magnitude of variation while deviations from predicted values could be very helpful in testing and extending the theoretical models ( Brown et al. , 2000 ) . In this paper, a comparison between empirical and theoretical allometric models for estimating tree biomass and stem volume will be presented. In addition, a meta-analysis on compiled European stem volume equations ( Zianis et al. , 2005 ) will be performed in order to address the problem of multicollinearity which occurs when two or more interrelated variables are entered in the empirical models.
Materials and methods

Above-ground biomass data
Global datasets of diameters and biomass (Dataset 1)
In total, 764 pairs of tree diameter ( D , measured at 1.3 m above ground) and above-ground dry tree biomass M were compiled for different tree species growing in different environments, throughout the world. No selection criteria were applied to exclude certain species or sites. Table 1 lists the studies from which the empirical M -D pairs were obtained for further analysis (Dataset 1). Three different regression techniques were applied to the pooled dataset in order to compare the empirical values of the parameters with the theoretical values obtained from the biomechanical and geometrical theories as well as from the West et al. (1997) model.
European above-ground biomass equations (Dataset 2)
Additionally, 59 empirical equations which relate above-ground dry biomass ( M ) to tree diameter ( D ) were selected from the European database of Zianis et al. (2005) to validate the aforementioned models (Dataset 2). The equations are presented in Table 2 .
Thirty-eight equations had been developed for 14 broadleaved species and 21 empirical models had been reported for species belonging to conifer families.
Stem volume equations
Empirical allometric equations that relate stem volume to D , H or any combination of these had been retrieved from a European-wide database and were used in this paper. The selection criterion of the allometric relationships was the mathematical formula upon which estimation of V was made, i.e.
V = a + bD + cD
In total, 23 equations which had been developed for three conifer and three broadleaved species growing in The Netherlands and Norway were selected and presented in Table 3 .
Theoretical predictions for stem volume and above-ground biomass
Geometrical model of tree structure West et al. (1997) built a model (WBE hereafter) which predicts that the branching system of a tree is a self-similar fractal object and the transport network is built in such a way so as to supply resources to all parts of the body. As a consequence, it is implied that at the higher levels of the volume-fi lling branching structure (i.e. petioles), the transport modulus occupies a threedimensional space, and in effect, the periphery of the plant crown is exclusively occupied by bilateral shoots. In addition, it is predicted that the terminal elements of the fractal-like vascular system do not vary as body size changes, and fi nally, the energy required to distribute materials is minimized. The authors demonstrated that as a result of these predictions, plants exhibit a common set of allometric relationships, irrespective of other factors (age, genetic variability, site quality, etc.). The WBE model predicts several allometric relationships of structural and functional attributes, both among branches within a plant and between plants differing in size. For example, according to WBE model, tree height scales as the 1/4 power of tree biomass, the fl uid velocity scales as − 1/8 of tree biomass while the number of leaves and branches are related to tree biomass with a scaling exponent of 3/4. The values predicted by 
where M is the above-ground tree biomass, D is the tree diameter, a is the allometric coeffi cient which takes the value of 0.10 (see Chambers et al. , 2000 ) and b is the allometric exponent with a value of 8/3 ∼ 2.67. The pooled dataset of the raw biomass values reported in Table 1 was used to build a scaling model between M and D to validate the WBE model.
Biomechanical models
The study of the relation ships between stem volume ( V ), tree diameter ( D ) and tree height ( H ) through engineering principles was initiated with Greenhill's (1881) analysis on the mechanical stability of a vertical column to resist collapse under its own weight. He considered both the case where the tree is a uniform cylindrical pole and where the stem tapers to a point. The maximum height ( H cr ) of the column is given by the Euler -Greenhill equation:
where C is the constant of proportionality, E denotes Young's elastic modulus and ρ is the stem density. The mechanical design of trees (in terms of H -D relationships) was further studied using three different models, derived from fi rst principles. The fi rst one is termed geometric selfsimilarity, and supports the fact that an isometric relationship exists between tree diameter and height. King and Loucks (1978) reported that this type of design is the most effective in resisting wind pressure. On the other hand, the elastic similarity model ( H ϰ D 2/3 ) produces a uniform defl ection of the stem responding to self-loading. The third approach, the stress similarity model, assumes that a constant maximum stress is maintained through the length of a branch or a tree trunk and predicts that H ϰ D 1/2 ( McMahon, 1973 ; McMahon and Kronauer, 1976 ; Niklas, 1994 ) . Assuming a constant wood density and based on dimensional analysis, predictions for scaling relationships between V , M , D and H , in terms of the aforementioned models, are readily obtained. For example, the geometric similitude
; predictions from the elastic and stress model are presented in Table 4 .
Statistical analysis
The biomass data presented in (OLS), reduced major axis (RMA) and nonlinear model (NLM)) were applied to obtain actual values of allometric parameters. The OLSs regression analysis was applied on the log-transformed data and a correction factor of 1.008 was calculated, using the formulae reported in Baskerville (1972) and Sprugel (1983) . SE of a and b coeffi cients in equation (2) Table 3 , the multicollinearity problem had to be overcome. This problem arises when the independent variables in a model are themselves correlated. For these situations, where the independent variables account for overlapping pieces of the variability in the de pendent values, we often fi nd that R 2 < ∑ r
, where R 2 is the coeffi cient of determination and r x 2 i is the corre lation coeffi cient for the x i independent variables. (Zianis et al., 2005) No.
Country Species By defi nition, the value of one allometric parameter is the estimated change in the dependent variable for a 1-unit increase of x i while holding the other regressor variables constant. In the presence of correlation between the independent variables, it is diffi cult to estimate the change in independent variable for a unit increase in x i while the other independent variables remain constant ( Ott, 1993 ) . To overcome this diffi culty, an analysis of the parameters in equation (1) was performed for the empirical models presented in Table 3 . In total, 15 re gressions between the six parameters were developed.
Results
In Figure 1 , the actual biomass data are depicted along with the predicted biomass values for each diameter obtained from OLS, RMA and NLM. The statistical parameters obtained from the three regression techniques mentioned above are reported in Table 5 .
The value of the theoretical parametric exponent b in equation (2) is statistically different, at the 95 per cent level, from the value obtained with the OLS, RMA or NLM techniques. The biomechanical models ( Table 4 ) also failed to describe the M -D allometry for the pooled dataset. The average value of the allometric exponent b obtained from the meta-analysis of the 59 empirical equations reported in Table 2 amounted to 2.317 and the SE was 0.004. The smallest b value was 1.915 and the largest was 2.8113. Unfortunately, the SEs of the empirical allometric exponents for each of the 59 equations were not reported, so we cannot perform a deeper analysis on the validation of the theoretical values. It is also evident from Table 4 that the relationship between M and D for each species was not accurately described by the geometric similitude or the elastic or stress models. On average, the empirical value of the allometric exponent was statistically different from the biomechanical models. Specifi cally, it was far beyond the value obtained from the stress model which predicts the smallest b value (see Table 4 ). The average b value for the 38 equations built for broadleaved species was 2.4509 with an SE of 0.004, while the average exponent value of the 21 empirical models for conifers amounted to 2.0938 and the SE to 0.01. The b value for broadleaved species ranged from 2.0513 to 2.8113 and for conifers was between 1.915 and 2.6931. It is implied that the theoretical models (WBE model, geometric similitude, elastic model and stress model) failed to predict the shape of the M -D allometry both for broadleaved and conifer species. Analysis of the allometric coeffi cient a in equation (2) did not take place since its value depends on the transformation of the data (which is usually performed before the regression technique) and on the units of the dependent and independent variables ( White and Gould, 1965 ) .
We can now turn to the outcomes of the analysis on stem volume equations. The results of the regression of the 15 pairs of the parameters are presented in Table 6 .
In nine of the 15 combinations of the parameters, the slope of the regression was statistically different from zero. The highest value of R 2 was obtained for the b -c regression (0.87), followed by the value for the a -b regression (0.79), while the R 2 value for the a -c and e -f relationships was 0.61 and 0.47, respectively. In the remaining fi ve regressions, R 2 was less than 0.44 (see Table 6 ).
Discussion
The comparison between empirical and theoretical models of tree allometry indicated that the latter could not accurately describe the interrelationships between M and D in tree species. Specifi cally, the WBE model failed to predict the value of the allometric exponent b in equation (2) when a regression equation was fi tted into the pooled biomass raw data ( Table 5 ) . We also arrived at the same conclusion with the metaanalysis of the 59 biomass empirical equations presented in Table 2 . Zianis and Mencuccini (2004) performed a similar kind of analysis for 279 empirical models collecting throughout the globe. The mean value of b parameter was found to be 2.3679 and was statistically different from the one predicted by WBE model. They reported that the acceptance of a universal value of scaling exponent in equation (2) implies that the ratio of the specifi c growth rates of M and
tree species growing in very diverse environments remains constant. They concluded that:
This assumption is contrary to our understanding of ecophysiological and ecological processes. Therefore, the acceptance of a constant value of b in equation 1 [ c.f. 2] should be viewed as tentative, and applicable only for very rough predictions of M .
The elastic and stress models, as well as the geometric similitude, failed to predict the shape of the M -D allometry both for the pooled dataset and the average b value of the meta-analysis. The main drawback in the development of the biomechanical models is the assumption that the shape of the stem could be approximated as a solid of revolution and a degree of regularity may be assumed for the description of stem form. However, to the best of our knowledge, no dataset has been collected in order to depict whether the second power of the diameter at breast height is isometrically related to the cross-section area or whether the density of stems differing in size is constant. Biological processes also play an im portant role in the biomechanical constraints applied to the stature that a tree can attain ( Niklas, 1992 ) . For example, a biological tradeoff between acquisition of light and elastic buckling is a likely explanation for tree height. Thus, a new approach in theoretical modelling of tree allometry should be pursued based on the incorporation of appropriate variables which model the infl uence of the environmental factors in tree structure.
Biomechanical models also provide theoretical values for the parameters found in the allometry which relates V to D and H . However, no analysis was performed on stem volume allometry since Zeide (1978) drew our attention to the fact that Performed on data presented in Table 1 . The SE of the estimates was signifi cant at the 95 per cent level. MPD between the predicted and real biomass values is shown in the column titled 'MPD.' The estimation of R 2 was based on the correlation coeffi cient. The SE of the estimates was signifi cant at the 95 per cent level. The estimation of R 2 was based on the correlation coeffi cient. The asterisk in the R 2 value indicates that the slope was not statistically different from zero. The number of empirical models used in this analysis was 23.
the accuracy of formulae depends on the number of parameters rather than on the particular form of the equation. Zeide (1978) concluded that: Such a situation allows us to shift the discussion from particular formulas to the more general problem of the number of parameters … .
There is a tendency to use more than one independent variable for the development of stem volume equations, while for the estimation of tree biomass, the stem diameter is usually the only regressor. It is evident from Table 6 that the six parameters found in equation (1) are not independent. The parameter b is strongly related to parameter c which is highly related to parameter a , while parameter e is related to parameter f . This immediately poses the question whether predictions on V with formulae that have more than three parameters could be accurate and reliable enough for estimating stem volume at stand or regional scale. For example, when the number of parameters is equal to the number of data points, any equation will pass through each point, thus exhibiting the ultimate fl exibility ( Zeide, 1993 ) . So, there is no reason to expect that equation (1) could better describe the interrelationship between V , D and H , than any other equation with six parameters. The dependency of the parameters may arise from the fact that the independent variables used in equation (1) are themselves correlated. In conclusion, we should be more sceptical when predictions of stem volume or tree biomass are based on empirical equations which have more than two independent variables.
